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Figure 1: Three possible data generating process of interest

marginal parameters that, under some simplifying assumptions, mimics the Cochran’s formula thereby allow-
ing the interpretation in terms of pathways of dependence. This paper extends the results in in MacKinnon
et al. (2007) to cover the situation with an interaction between the treatment and the additional covariate
and provides a general theoretical framework that can be used to address other sources of nonlinearities.

Generalisation to more complex systems of univariate regressions for both continuous and binary random
variables can be made by repeatedly using the derivations here provided, opportunely combined with path
analysis for linear equations and for binary random variables, as provided in Raggi et al. (2021) and in
Lupparelli (2019). See R. M. Daniel et al. (2015) for the counterfactual interpretation of path-specific
e↵ects.

We start by analysing the logit link function case and then extend it to a wider class of models that
includes the probit one. The paper is structured as follows. In Section 2 the theoretical background is
presented together with the state of art of the literature. The derivations are presented in Section 3. Some
possible extensions to the data-generating process are also proposed, followed by a simulation study where
our proposal is compared with di↵erent methods exiting in the literature, including the ones commonly
applied in mediation analysis (Pearl, 2001). The methodology here proposed is then applied to disentangle
the role of humidity and pollens on respiratory diseases based on data on urgent referrals at the Hospital of
Padua between February and April 2017.

2 Background

Let X denote the treatment, W denote the additional covariate and Y denote the binary response. Several
possible data-generating processes may be of interest. We use Directed Acyclic Graphs (DAGs) to represent
them, see Lauritzen (1996) to which we refer for definitions. In Figure 1a, W is a response of X and in turn
influences Y . In this situation, W is said to be a mediator between X and Y . If the DAG is structural Pearl
(2009, Chapter 7), the decomposition of the marginal (total) e↵ect on Y of an external intervention on X into
a direct and indirect one, this second transmitted through W , is of interest. Methods that address this issue
are known as causal mediation analysis (Pearl, 2001). In Figure 1b, W is marginally independent from X,
a situation that may arise in controlled experiments in which X is a randomised treatment and therefore X

and W are independent by design. However W is a factor that potentially influences Y and understanding
the link between the marginal and conditional e↵ect of X on Y is therefore of scientific relevance. This
investigation involves the notion of collapsibility of the e↵ects, see Greenland (2009). In Figure 1c, W is
influencing both X and Y . Sensitivity analysis accounts for the situation where W is unobserved, aiming to
understand how strong the association induced by the latent variable W should be in order to reverse the
sign of the e↵ect of X on Y or, at least, to explain it away Lin et al. (1998) and VanderWeele and Arah
(2011).

The marginal relation between Y and X is given by

P(Y = 1 | X = x) =

Z +1

�1
P(Y = 1 | X = x,W = w) dPW |X=x(w), (1)
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